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Abstract
Lorentz-covariant wave functions for meson and baryon supermultiplets are
simply derived by boosting SU(2)spin representations corresponding to multi-
quark systems at rest.
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I. INTRODUCTION
A number of articles have recently appeared [1] where descriptions of hadronic excitations
containing one or more heavy quarks have been presented. All of these recent constructions
have regarded the external velocity of the hadron v as a four-vector parameter and have
written the wave functions in terms of v and of internal velocities u; in these schemes one
encounters projections parallel and perpendicular to v and tensors/spinors formed out of v,
the several u and the gamma matrices. Some of the descriptions are quite elaborate and
involve complicated algebraic manoeuvres over Lorentz covariant objects before the final
forms are attained. Occasionally the derivations are given in the Bethe-Salpeter framework
[2] or variants thereof.
Most of these authors were (understandably) unaware that this problem was tackled
many years ago [3] in the context of Reggeization of supermultiplet theory. At that time
there was interest in constructing supermultiplet wavefunctions at arbitrary integer total
angular momentum J (or its Casimir generalization for the chosen supersymmetry group),
before continuing somehow to complex J-values. Multispinor wavefunctions appearing in
section IV of reference 3 were quoted abruptly without much elaboration and the formulae
may therefore look rather mysterious today. Because this subject of hadronic excitations
has come back into vogue in the context of heavy quark physics, we shall explain here the
derivation of multiquark excitation functions and will take the opportunity to correct a few
normalization factors in reference 3. Then we shall go on to discuss the application to heavy
quark composites.
The basic idea is extremely simple and direct: since all such supermultiplets are massive
we can always proceed to the rest frame, where the four-velocity v is a unit timelike vector
pointing along the time axis. In that frame the only surviving space-time symmetry is the
little group of the full Lorentz group associated with v, namely spatial SU(2), and the states
fall into irreducible representations of it. We now know (as was not fully appreciated in
the pre-bc year 1969) that hadrons are white composites of quarks and gluons; the standard
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picture views the mesons as made of one quark and an antiquark, while baryons are made
of three quarks, plus a colourless mixture of any number of gluons and quark-antiquark
pairs. Some models sometimes replace two quasi-free quarks by a single composite diquark,
but the basic idea is essentially the same. The internal degrees of freedom and the binding
mechanism—which is not completely understood at low energies—produce a bound mul-
tiquark state that carries appropriate quantum numbers; these can be nothing more than
the SU(2)J labels plus a possible multiplicity label N for states which are repeated, as well
as the internal flavour group quantum numbers which we have not bothered to expose. In
other words the integrations over the internal momenta eventually lead, in the rest frame,
to meson and baryon states
[φb¯a]
N
{m1..mL}
and [ψabc]
N
{m1..mL}
, (1)
where m is a O(3) vector index corresponding to orbital excitation L, and a, b, c stand for
two-component spinor indices (barred for antiquarks). {..} represents a symmetrised tensor
product and we have assumed above that all Kronecker traces over the m indices are zero to
make the orbital state irreducible with respect to O(3). In the next section we shall reduce
these states with respect to total angular momentum J and in the following section we will
boost up the results to arbitrary velocity v. Finally we shall discuss the connection with
Lagrangians, Bethe-Salpeter wavefunctions and other work.
II. NON-RELATIVISTIC REDUCTION INTO J REPRESENTATIONS
The first task is to simplify the spin structure. Because the quark and antiquarks can
in principle be acted upon by different spin groups (see section IV), we first reduce the
multispinors into total spin states, disregarding their orbital quantum numbers,
φb¯a = [φ5δ
b¯
a + (σm)
b¯
aφm]/
√
2,
ψabc = ψ{abc} + ψ{ab}c + ψ[ab]c = (σ2σm){ab}ψmc/
√
2 + (ǫacψb + ǫbcψa)/
√
6 + ǫabψ
′
c/
√
2.
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Since antiparticles have opposite parity to particles we recognise the pseudoscalar state
φ5(0
−−), the vector state ~φ (1−−), the spin 1/2 states ψ, ψ′ and the spin 3/2 state ~ψc,
obeying the irreducibility condition, σmψm = 0 which ensures that ψ{abc} is symmetric.
Note the occurrence of the σ2 matrix which is the lowering operator for SU(2) and the
charge conjugation matrix non-relativistically.
The next step is to combine spin and orbital factors into representations of total spin
J . As far as the pseudoscalar meson excitations are concerned, there is nothing more to
be done: φ5{m1..mL} stands for a state with parity (−1)L+1 and CP = 1; the vector meson
excitations (1× L) require reduction to states with J = L+ 1, L, L− 1 as given below:
φm{m1..mL} = φ
(L+1)
{mm1···mL}
+
1√
2L
∑
k
iǫmmknφ
(L)
{m1···k¯···mLn}
+
1
L
√
2L− 1
2L+ 1
∑
k
[
δmmkφ
(L−1)
{m1···k¯···mL}
− 2
2L− 1
∑
l
δmkmlφ
(L−1)
{mm1···k¯l¯···mL}
]
; (2)
a bar over an O(3) index, like k¯, signifies that mk is missing from the tensor.
Turning to the baryons, one either needs to combine the orbital momentum with spin 1/2
or with spin 3/2. In the former case one arrives at states with J = L+1/2 and J = L−1/2,
encapsulated by the decomposition
ψ{m1..mL} = ψ
(L+1/2)
{m1···mL}
+
1√
L(2L+ 1)
∑
k
σmkψ
(L−1/2)
{m1···k¯···mL}
, (3)
while in the latter case one must reduce to J = L + 3/2, L + 1/2, L − 1/2 and L − 3/2
representations:
ψm{m1..mL} = ψ
(L+3/2)
{mm1···mL}
+√
3
4L(2L+ 3)
[∑
k
(iǫmmknψ
(L+1/2)
{m1···k¯···mLn}
+ σmkψ
(L+1/2)
{mm1···k¯···mL}
)− L
3
σmψ
(L+1/2)
{m1···mL}
]
+
√√√√ 3(2L− 1)
L(L+ 1)(2L+ 1)
∑
k
[
(
2δmmk
3
− iǫmmknσn
3
)ψ
(L−1/2)
{m1···k¯···mL}
−∑
l
2δmkml
2L− 1ψ
(L−1/2)
{mm1···k¯l¯···mL}
]
+
1
L
√
(L− 1)(2L+ 1)
∑
k,l
[
(δmmkσml −
2σmδmkml
2L− 1 )ψ
(L−3/2)
{m1···k¯l¯···mL}
−∑
n
2δmkmlσmn
2L− 1 ψ
(L−3/2)
{mm1···k¯l¯n¯···mL}
]
.
(4)
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These expressions are correctly normalized, in as much as 1 =
∑
J |ψ(J){m1···}|2, like the lefthand
sides of Eqs. (2) to (4).
III. BOOSTED WAVEFUNCTIONS
It is not widely appreciated that Lorentz covariant expressions for particle wavefunctions
are readily obtained by boosting the non-relativistic formulae. An incoming meson which
is a composite of an incoming quark and antiquark must contain the projection factors
[(1 + γ0)/2]Γ[(1− γ0)/2] in the rest frame in order to pick out the upper two components of
the quark and the lower two components of the other quark. Likewise the non-relativistic
expressions (σ2)[ab] and (σ2σm){ab} should be interpreted as the upper 2 × 2 components of
the four-component multispinors [(1 + γ0)γ5C/2]αβ and [(1 + γ0)γmC/2]αβ. From this point
of view it is easy to understand why the properly boosted versions (any direction of v) of
the wavefunctions (2) are
[φ(v)]βα = [(1 + γ.v)(γ5φ5(v)− γµφµ(v))/2
√
2]βα, (5)
where vector indices on fields are orthogonal to v, or vµφµ = 0, signifying that the φ are polar-
ization vectors. Also the generalization of the non-relativistic condition on the vector-spinor,
~σ.~ψ = 0 reads γ.ψ = v.ψ = 0. Results of this type were originally derived [4] by carrying
out Lorentz-covariant reductions of multispinors, using Bargmann-Wigner equations acting
on each Dirac spinor index and solving the constraint and symmetry conditions. (They
have been rediscovered several times in different ways.) In the light of experience this is an
unnecessarily complicated way of proceeding: one simply “solves” the equations [5] in the
rest frames, a totally trivial step, and boosts up to arbitrary v, as above. The only other
substitutions we must be careful with are for spin matrices and the Kronecker delta,
σm → vνσνµγ5 ≡ wµ, δmn → −ηµν + vµvν ≡ dµν(v),
where we have assumed that v has unit length on-shell.
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With this point made, we may readily understand why the relativistic versions of Eqs.
(2), (3) and (4) are
φµ{µ1..µL} = φ
(L+1)
{µµ1···µL}
+
1√
2L
∑
k
ivλǫλµµkνd
νν′φ
(L)
{µ1···k¯···µLν′}
+
1
L
√
2L− 1
2L+ 1
∑
k
[
dµµkφ
(L−1)
{µ1···k¯···µL}
− 2
2L− 1
∑
l
dµkµlφ
(L−1)
{µµ1···k¯l¯···µL}
]
; (6)
ψ{µ1..µL} = ψ
(L+1/2)
{µ1···µL}
+
1√
L(2L+ 1)
∑
k
wµkψ
(L−1/2)
{µ1···k¯···µL}
; (7)
ψµ{µ1..µL} = ψ
(L+3/2)
{µµ1···µL}
+√
3
4L(2L+ 3)
[∑
k
(ivλǫλµµkνd
νν′ψ
(L+1/2)
{µ1···k¯···µLν′}
+ wµkψ
(L+1/2)
{µµ1···k¯···µL}
)− L
3
wµψ
(L+1/2)
{µ1···µL}
]
+
√√√√ 3(2L− 1)
L(L+ 1)(2L+ 1)
∑
k
[
(
2dµµk
3
− iv
λǫλµµkνw
ν
3
)ψ
(L−1/2)
{µ1···k¯···µL}
−∑
l
2dµkµl
2L− 1ψ
(L−1/2)
{µµ1···k¯l¯···µL}
]
+
1
L
√
(L− 1)(2L+ 1)
∑
k,l
[
(dµµkwµl −
2wµdµkµl
2L− 1 )ψ
(L−3/2)
{µ1···k¯l¯···µL}
−∑
n
2dµkµlwµn
2L− 1 ψ
(L−3/2)
{µµ1···k¯l¯n¯···µL}
]
.
(8)
These expressions make no reference to the internal momenta, nor should they. The final
covariant wavefunctions carry the quantum numbers associated with external momentum
and its little group, no more and no less. For instance, the first excited states (L = 1) of
mesons (0++, 1−+, 2++) and baryons (1/2−, 3/2−, 5/2−) are represented by
φµν = φ
(2)
{µν} −
i√
8
vλǫλµνκη
κκ′φ
(1)
κ′ +
1√
3
dµνφ
(0); ψµ = ψ
(3/2)
µ + wµψ
(1/2)/
√
3; (9)
ψµν = ψ
(5/2)
{µν}+
√
3
20
[
−ivλǫλµνκηκκ′ψ(3/2)κ′ + wνψ(3/2)µ −
1
3
wµψ
(3/2)
ν
]
+
1
3
√
2
[
2dµν − ivλǫλµνκwκ
]
ψ(1/2).
The only place where a connection may be made with the internal, relative momenta—
and the dynamics that leads to such bound states—is via the dependence of the masses
on total angular momentum, p2 = M2J (N), and on the (suppressed) quantum number N ,
differentiating between states of the same J . We shall turn to this aspect of the problem
now.
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IV. CONNECTION WITH LAGRANGIANS AND BOUND STATE EQUATIONS
It will pay us to re-examine the origin of supermultiplet symmetries as the older interpre-
tation [4] differs slightly from the modern viewpoint advocated by the Mainz and Harvard
schools [6]. Consider a set of quark fields with different masses described by the Lagrangian,
L =∑
F,C
∫
d4x Q¯FC(x)[γ.(i∂ − gA(x))−mF ]QFC(x) + LA + Lew (10)
where F stands for the flavour and C for colour and A is the (matrix-valued) gluon octet
field. If we disregard gluon interactions and make a Fourier transformation to momentum
space we get
Lfree =
∑
F,C
∫
d4p q¯FC(p)[γ.p−mF ]qFC(p). (11)
The early relativistic interpretations of the Wigner supermultiplet symmetry for particle
physics [7] neglected mass differences between quarks in order to show that the momentum
space wavefunctions admitted an SU(2NF ) × SU(2NF ) invariance of L. It was Isgur and
Wise [8] who realised that this assumption of mass equality was not needed and who extended
the concept to heavy quarks like b and c. Heeding their lesson, let us change to velocity space
by redefining hFC(v) =M
5/2q(p) as a new heavy quark field (normalised to 1 compared with
q(p) which was normalised to M−5/2). The free part of the Lagrangian
L =∑
F,C
∫
d4v h¯FC(v)[γ.v − 1]hFC(v) + Lint(A) + Lew, (12)
then admits a U(2NF )×U(2NF ) symmetry between the quark fields at fixed velocity. This
is most readily seen in the rest frame v0 = (1, 0, 0, 0) with h(v0) obeying the projection
equation (γ0 − 1)h(v0) = 0. The little group generators then consist of
[1, γ0, ~σ, ~σγ0] × T F ′F , (13)
where T are the generators of the U(NF ) flavour algebra. When boosted to any velocity v,
S(Lv)γ0S
−1(Lv) = γ.v, (14)
7
the free spinors h(v) = S(Lv)h(v0) retain that supersymmetry but we should now interpret
the generators as
[1, v.γ, wµ, wµv.γ] × T F ′F . (15)
Note that we have not toed the modern party line which considers the heavy quark field h
to be a full function of space-time x with v regarded as an external parameter (eventually
identified with the velocity of the heavy hadron, one we may need to integrate over at the
end of the day [9]). Instead we have surmised that v is associated with the Fourier transform
space, so that integration over v is automatic and x does not appear at all. The similarity
transformation S(Lv) which carries spinors from the rest frame v0 to any v can be construed
as the Fourier transform of a coordinate-space Foldy-Wouthuysen-like transformation [10]
applying to h(x).
The usefulness of this concept hinges upon consideration of the quark-gluon interaction
Lint =
∑
C,F
∫
d4v d4v′ gh¯(v)A(v − v′).Th(v′)/mF .
where the fluctuations over the gluon field A produce a distribution over momenta of order
ΛQCD. Since this will lead to corrections ΛQCD/mF to the free system, these will be most
substantial for the lighter quarks and will become negligible as the quark mass mF gets ever
larger, which Isgur and Wise [8] first observed. Thus one concludes that the really significant
supersymmetry when QCD becomes operational is for the heavy flavours. However we
believe that the formulation above, where the heavy quarks fields are functions of four-
velocity v alone and not x and v simultaneously, brings this feature out much more clearly
and elegantly. It may be possible to carry out a further transformation,
Q(x)→ T [exp i
∫ x
−∞
A(ξ).dξ]Q(x)
in order to simplify the quark-gluon interaction (at the expense of the measure in the func-
tional integral over the fields), but that is irrelevant for the present discussion.
To finish off let us briefly compare our formulation of hadronic excitations with the
work of others [1], [2]. The early work by Isgur et al concerning strong and semileptonic
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decays of excited hadrons was cast in a non-covariant framework and based on an SU(NF )W
symmetry [11], associated with a three-system coupling, and used standard Clebsch-Gordan
technology. It was shown to be entirely equivalent to the covariant approach by Hussain,
Korner and Thompson [2]. In our language the interactions between an excited meson state
(L, incoming velocity v) and the two ground states (L = 0, outgoing velocities v1, v2) is
written as
GLTr
[
φ{µ1···µL}(v){φ(−v1), φ(−v2)}
]
(v1 − v2)µ1 · · · (v1 − v2)µL,
and similarly for baryons; flavour quantum numbers are implied and traced over as well. In
the rest frame of the decaying particle one may easily recover the expressions of Isgur et al,
since the summation over the relative momentum indices produces the appropriate SU(NF )
rotation function [3].
Falk and Luke [1] constructed states which are very similar to ours. However we differ
from their approach in that we have recognised that the heavy quark must be accompanied
by other quarks to produce the correct colourless state; after identifying them and their
spin contributions (which are added to the heavy quark) we have afterwards appended the
excitation numbers (L,N) corresponding to the quark sea and gluons. The similarity of
their spinor wavefunctions with ours can be established by noticing that the Pauli-Lubanski
spin wµ acting on a spinor ψ(v) gives
vνσνµγ5ψ(v)→ i(γµ + vµ)γ5ψ(v).
The connection with Bethe-Salpeter Φ wavefunctions [2] is more distant. In this paper we
have adopted the attitude that the excited states are projected out from the wave-functions
using an orthogonal set of functions of the relative velocities u; specifically [12] for the
mesons say,
φ(v)NLM =
∫
Φ(v, u)YNLM(u)d4u, (16)
with v2 = 1 or p2 = m2NL since we are at the meson pole. All we can be sure of is that the
orthogonal functions Y contain the spherical harmonic YLM(u) in the rest frame v0 of the
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meson. Naturally, the dynamics which comes via the Bethe-Salpeter kernel (and is presum-
ably dominated by non-perturbative gluon exchange) will dictate the remaining dependence
of YN on u.v and u2, viz. some linearly independent combinations of hyperspherical har-
monics. An alternative approach [2] is the leave the Φ of initial and final hadrons intact
and carry out an internal integration over projections involving relative velocities of the
current matrix elements. The only point one can be reasonably sure of in both approaches
is that the degree to which the quarks in the meson are off-shell (or spread in |u|) is of order
ΛQCD/mF . It could be that a Bethe-Salpeter equation, something like
[γ.(µ1p+ k)−m1]Φ(p, k)[γ.(µ2p− k) +m2] =
∫
γνλc.Φ(p, k′).γνλ
cD(k − k′)d4k′, (17)
will do the trick, where the exchange propagator D(k − k′) is as singular as Λ2/(k − k′)4 at
small momentum transfer. Gudehus [2] indicates that the details may not be very important
anyway in obtaining the requisite heavy quark symmetry and wavefunctions, and in deriving
the supermultiplet universal form factors, at least for the lowest state N = 0. This is a topic
that could bear closer investigation.
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